Abstract: For two given positive integers p and q with p q, we denote T p,q n
among the set L (n, d 0 ) = {G : G is a quasi-tree of order n with G − u 0 being a tree and d G (u 0 ) = d 0 }, respectively.
In light of the information available on the spectral moments of graphs, it is natural to consider this problem for some other class of graphs, and the trees with a (p, q)-bipartition are a reasonable starting point for such a investigation. The n-vertex trees with a (p, q)-bipartition have been considered in [9, 12, 18] , whereas to our best knowledge, the spectral moments of trees in T p,q n (4 p q) were, so far, not considered. Here, we identified the last four trees, in the S-order, among T p,q n (4 p q). For more recent results on the spectral moments of graphs, one may be referred to [3, 4, 8, 10, 11] .
Given a connected bipartite graph G with n vertices, its vertex set can be partitioned into two subsets V 1 and V 2 , such that each edge joins a vertex in V 1 with a vertex in V 2 . Suppose that V 1 has p vertices and V 2 has q vertices, where p + q = n with p q. Then we say that G has a (p, q)-bipartition. For convenience, let T p,q n be the set of all n-vertex trees, each of which has a (p, q)-bipartition.
Throughout the text we denote by P n , K 1,n−1 and C n the path, star and cycle on n vertices, respectively. Let U n be a graph obtained from C n−1 by attaching a leaf to one vertex of C n−1 , and let E 4 be a graph obtained by deleting an edge from a complete graph K 4 ; E 5 be a graph obtained from two cycles to the graph F . Let φ G (F ) (or φ(F )) be the number of all F -subgraphs of G. For a tree T and two vertices v, u of T , the distance dist T (v, u) between u and v is the number of edges on the unique path connecting them. Further on we need the following lemmas.
Lemma 1.1 ([7]
). The kth spectral moment of G is equal to the number of closed walks of length k.
Lemma 1.2. For every graph G, we have
(i) S 4 (G) = 2φ(P 2 ) + 4φ(P 3 ) + 8φ(C 4 ) (see [6] ).
(ii) S 5 (G) = 30φ(C 3 ) + 10φ(U 4 ) + 10φ(C 5 ) (see [15] ).
(iii) S 6 (G) = 2φ(P 2 )+12φ(P 3 )+6φ(P 4 )+12φ(K 1,3 )+12φ(U 5 )+36φ(E 4 )+24φ(E 5 )+24φ(C 3 )+48φ(C 4 )+ 12φ(C 6 ) (see [15] ).
Given a connected graph G, its line graph is denoted by L(G). It is easy to see that the size of L(G)
is equal to the number of P 3 of G. By [Exercise 1.5.10(a), 1], we have 
Proof. By Lemma 1.1, Fig.   2 . Proof. By Lemma 1.1,
For any T ∈ T p,q n , T contains a longest path, say
. Thus, T can be seen as the tree obtained from P by attaching a tree T i to the vertex
Repeated applying Operations I and II to T yields an n-vertex tree, sayT , such that P is also one of the longest paths ofT and dT (u) 2 for u ∈ VT \ {V P }. That is to say,T is obtained from P by attaching a tree 
of the longest paths in a tree T ∈T p,q n and let 2. The last four trees in the S-order among T p,q n
In this section, we determine the last four trees, in the S-order, among the set T p,q n (4 p q). Proof. On the one hand, by Lemma 1.6, the last tree, in the S-order, among T p,q n must be inT p,q n . On the other hand, for all T ∈T p,q n , it is easy to see the tree T ′ obtained from T , as depicted in Fig. 4 By definitions of A 1 and A 2 , it is routine to check that
p,q by using Operation I (k − 1) times, by Lemma 1.4, we have B
p,q is just the second last tree, in the S-order, among T 
Similarly, we obtain
Note that if p = q, it is easy to see that B
p,q , hence Claim 1 holds immediately. In what follows, we consider p < q.
In view of (2.1) and (2. 
Hence, we have S 4 (B 
In view of (2.3) we have φ C 1 For convenience, let
be the trees as depicted in Fig. 7 , it is easy to see that 
This completes the proof of (i).
In what follows, we consider p (ii) p = q+4 2 . In this case, we consider the following two subcases according to
First we determine the last tree, in the S-order, among D 1 ∪D 2 . It is easy to see (based on Lemma 1.4),
The last inequality follows by q > p 4. By Lemma 1. 
In view of Lemma 1.
That is to say, our result holds in this case.
First we determine the last tree, in the S-order, among In view of (2.6), we obtain that B 
Hence, by Lemma 1.2(iii), we have S 6 (D 0,1
p,q . So in this case, B 0,2 p,q is the fourth last tree, in the S-order, among T p,q n .
By a similar discussion as the proof of Case 2 in (ii), we know that B 0,2 p,q is the last tree, in the S-order, 
Conclusion and remarks
Summarize the results in Section 2, we can obtain the last four graphs in the S-order of the set of n-vertex trees with a (p, q)-bipartition.
Combining with Theorems 2.1, 2.2, 2.3(ii) and 2.4, we have p,q . In this paper, we determine the the last four graphs, in the S-order, of the set of n-vertex trees with a (p, q)-bipartition. It is natural to consider the following research problem: How can we determine the first k graphs, in the S-order, of the set of n-vertex trees with a (p, q)-bipartition? It seems difficult but interesting.
